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Relativistic Quantum Physics Equation for
Number of Electrons

A. S. Rabinowitch'

Received June 18, 1992

A generalization of the Dirac equation for number of electrons is proposed
which in the nonrelativistic case takes the form of the corresponding Schrédinger
equation. The equivalence of various matrix representations and the relativistic
covariance of the proposed equation are proved.

Let us assume N electrons are situated closely together in space. To
describe them we introduce a wave function y with 4" components y,. We
shall seek a generalization of the Dirac equation in the following form:

[r"(m ik—fAk>—ﬁ\Jmc]w=o (1)
ox" ¢
where e, m are the charge and mass of the electron, A; are the electro-
magnetic potentials of both the external fields and the interaction of the
electrons, I'* are square matrixes of order 4", 0<k<4N—1, and x*
[4(I— 1)<k <4]—1] are the coordinates of the /th particle.
We impose the following correlations on the matrixes I'*:

rnr1n+rtnrn:2gn1nE (2)
where g™"'=0,n#m; g”"=1,n=41; " =—1,n#4l; and E is the unit matrix.

Then, after multiplying (1) by {T"*[i7i 3« — (e/c) A} + VN mc} we derive
the generalization of the Klein-Gordon equation:

ih
|:gk" (ih PR Ak)<ih 8, An> e prpap Nmzcz} w=0
c c ¢
(3)
F,= aqun - anAk
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Let us consider the nonrelativistic stationary case:

w(xX*)=exp {—— %Lc [(mc*+ &)x° + (m*+ &) x*

+o ot (m+ ST ”]} o(x%) 4)

s #4, |&4| «<mc?

and assume that A4, = ¢, with k=4/ and A4, =0 with k#4l.
Then for this nonrelativistic case from (3) and (4) we obtain the Schrod-
inger equation for N electrons:

h2
(@@—eqs——as 65)1//:0
2m
v N (5)
s#4, =3 &, ¢=3
k=1 k=1

The problem of solving correlations (2) is related to the spinor analysis
which was investigated by Rashevsky (1955). But this method of introducing
spinors based on the Clifford algebra is very complicated and besides it is
not connected with any definite quantum physics equation for the N elec-
trons. That is why we have chosen a simpler method which will permit us
to generalize the well-known results of the spinor theory based on the Dirac
equation (Bjorken and Drell, 1964).

Let us introduce the matrixes G”:

G"=T", n=4, G"=il"", n#4l

m2 ngake — _ ok (6)
(G"V=E, G'G*=—G*G", n+#k

We shall show that there are 2M matrixes G” of order 2 fulfilling (6)
and that any realization of (6) is related to these matrixes by means of a
similarity transformation.

Let us introduce the aggregate G, of the following 2M matrixes of
order 2 by means of the recurrence method:

G :(<Ek»1 Ok—l) <0k—1 Ek—]) < Ok -1 iék—l))
y Ow-1 —FExes) \Exot Opoi) \=iGii Op-y

S
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E;_, and O,_, are the unit and zero matrixes of order 2° . The last matrix
in (7) means the aggregate of all of the matrixes

( Ok iFk~1>
—iFi_1 O
where F_1€Gr_;.

We shall prove the following theorem.

Theorem 1. The aggregate of the matrixes G, of (7) fulfills (6) and any
aggregate H m of 2M matrixes fulfilling (6) can be defined by the similarity
correlation Hy~ Gy, that is, Hy=T""GxyT, where T is a nonsingular
matrix.

Proof. Let us assume that G” are the matrixes of the aggregate H,,.
Then, from conditions (6),
(GF=Ew,  G"=(G")'(~G")G' (6°~~G")

and it follows that the Jordan form of G° is the matrix

Lo:(EM_l O )
0M—1 —Ep-1

Therefore we can find a similarity transformation of G” in which G° is
transformed into L°. After applying this transformation which preserves the
correlation (6) because it is a similarity transformation, we can consider
G°=L° retaining the former notations for the transformed matrixes G”.
Then from (6) we derive

G1=(0M—l SM—1>
Si-1 Om
where Sy, is a nonsingular matrix of order 2™ .

Let us now apply to G” the similarity transformation with the trans-

formation matrix
Sy—1 Ou_
TM= ( M- M l)
OM— 1 EM—- 1

Then G° and G' will acquire the form

Go:(EM_. 0M4.> G,z(oMﬂ EM_1>
Om-1 —Em-)’ Ep—1 Oy
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From (6) it follows that the rest of the matrixes G" will have the form

Gn:( O iGﬁlq), n
—iGh-1 Oupo

where the matrixes G, of order 2™ ' have to satisfy (6).
Therefore, the initial aggregate H,, is similar to the following aggregate
of 2M matrixes:

(EA«[*I 0M~l ) (0M~1 EM—I) ( OMfl iﬁM——l) (8)
Ou—t —Eym-1/" \Ey-t On—i)"  \=ifly-y O
where, in order to satisfy (6), 2(M — 1) matrixes H,,_, of order 2™ ~' also

have to fulfill correlation (6).
If we apply to aggregate (8) the similarity transformation having the

transformation matrix
Tiyi Own-
TMz( M1 M l)
Op-1 Tr-

then this aggregate will be transformed to the aggregate of the same form
(8) in which only Hy _, is replaced by Ta_ [y 1Ty . Therefore, the
proof of the theorem for 2M matrixes Hy, of order 2* has been reduced to
the same proof for 2(M — 1) matrixes H,,_, of order 2 7.

Continuing this process and decreasing the order of the matrixes to 2,
we finally obtain the result ,,~ Gy, and G, satisfies (6). Hence the theorem
has been proved.

Let us note that to the aggregate of G", 0 <n<2M -1, we can add one
more matrix G**=G°G' ... G** ! corresponding to (6).

It is easy to prove that the Hermitian conjugation G 5 of the aggregate
G of (7) has the following property:

Gi=Gu €)
For such aggregates of matrixes we shall prove a special theorem. This

theorem, like the previous one, is a generalization of the well-known results
for the Dirac matrixes (Bjorken and Drell, 1964).

Theorem 2. Every aggregate H,, of 2M matrixes of order 2M fulfilling
correlation (6) and (9), [ 1= H,,, is related with Gy, by the correlation

ﬁM:T;IGMTMa T/Jlr/1=T;11 (10)
Proof. First let us prove the following lemma.

Lemma. Any matrix Sy, commutative with all of the matrixes of the
aggregate G, is proportional to the unit matrix: Sy =AEx.
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In order to prove the lemma, let us present Sy in the form

g (SMI Sﬁ_l>
M \s3 o, sZ,

Then from its commutativity with the matrixes G, of (7) we have

SM 1_ M I_OM—-I: (11)

SM 1= %; 1, SM IGM——1=GM 1S11
Repeatmg the same process for the matrix Sj;_; and then for
S5, SY_5, ..., 81", we obtain the result that the matrix Sy is diagonal

with the same numbers on its main diagonal, which was to be proved.

Let us return to the proof of the theorem. It follows from Theorem 1
that HM CMGMCM

As Hiy=H,s and G ;= G,, we have

Hiyy=CxGru(Cin) ' = Cof GuCrr=Hyy (12)
From here we find
SMGMZ GMSM: Sapr= CMC;\:I (13)
Therefore, from the proved lemma we obtain
CuCri=AEy (14)

Since there are only nonnegative real numbers on the main diagonal
of the matrix CpCjs, the number A is real and positive. Supposing
Thrr= Car/J, we obtain (10). The theorem has been proved.

Let us turn now to the conservation law of the current which may be
deduced from equation (1). In order to obtain it, we have to find a matrix
R which satisfies

(RT™*=RI" 15)

Then analogously to the Dirac theory we obtain the following for the
current density J":

J'=eyT"y,  0,J"=0, v=v"'R (16)

In addition we must require that the current density J” have a vector
character:

ox" .
ax*
Let us consider the problem of finding the matrix R and the transforma-

tion law of the wave function y for the transition from coordinates x* to
the new coordinates x*.

J'=

(17)



796 Rabinowitch

On the matrixes G related to I'* by (6) we impose condition (9). This
condition is fulfilled, for example, by the matrixes of the aggregate G,y of
(7) and it is necessary to make the values J* real numbers.

We seek the transformation Jaw for y in the form

v () =Fy(x) (18)

where F is a nonsingular matrix,
Then from the relativistic covariance of equation (1) we have

ox*

F7'r" FF=I‘" (19)
As usual, let us consider the infinitesimal rotation
ox*
PV S+ ehin,  hin=—hw, €—0, F=E+eQ (20)
X

Here 8% is the Kronecker symbol, and E is the unit matrix.
Then we derive from (19)

[Q, T =T"h 1)
The correlation (21) has the following solution:
Q=pE+T"T Ay, A= —%‘ Pt (22)

in which g is an arbitrary number. It follows from the proved lemma and
Theorem 1 that formula (22) gives us the general solution of (21).
From formulas (16)-(18) we have the following correlation:

k
Fr RO 9 p= R (23)
ox”
From (19) and (23) we find
F*R=RF"' (24)

Let us return to the infinitesimal rotation (20). Then from (20) and
(24) we obtain

QR=—-RQ (25)

So we have to find the matrix R which satisfies (15) and (25). This gives
the following correlations:

u=iv, Im v=0, (RT™*=RI",
(T*TY*R=—RT*T,  k#l

(26)
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Using (6) and (9), it is not difficult to check the following solution
of (26):

N-—-1
R=siV N2 TT 7% Ims=0 (27)
k=0
For rotation by an angle 6,,in the plane x*x’ the transformation formula
for v acquires the well-known form

v’ =explia — 1T "0, ]y, Ima=0 (28)

in which k, / are fixed numbers.
It ensues from (19) and (24) that the expressions

A= TR Thy

are tensors.

Theorem 2 gives us the result that these tensors and in particular the
current densities J” are the same, independent of the choice of the matrixes
I'”" satisfying (9).

From the differential law of the current conservation (16) we have the
following N continuity equations:

oI+ V) ar
( )+ —=0, @a=1,23 (29)
¢ ot 6x(k)
where
N N ]
Ikn= JJ4(kAl)+n n d3X(]), Vk0= z I]O (30)
I=11%k =17k

The x{;y are the four coordinates of the /th particle, x{,=ct, | <I<N.

The N equations (29) give us only one integral conservation law.

The quantities I*° and I** can be interpreted as the charge and current
densities of the kth particle, and V*° as the charge flow in the kth particle
from the other particles.

As a three-dimensional volume is not a relativistic invariant, the expres-
sions I*" are not vectors. That is why we introduce other quantities " which
are vectors and which coincide with I*" in the nonrelativistic case:

. _
I "(T,X?k))=JJ4('° DT, xfp)

x ﬁ —ff—x“’—, a=1,2,3 (31)
1=vizk (1=07/c)'?
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where 7 is the proper time and is the same under integration for all the
particles; v;=v;(t, x{;;) are the components of the /th particle velocity. This
velocity can be determined by imposing the following condition: In the
inertial coordinate system moving with this velocity relative to the inertial
system x” the correlations 1"(z, x{,)) =0, =1, 2, 3, must be fulfilled.

Now we can set up the equation for the potentials Afn(x()
(1<k<N,0<n<3) of the interaction of the kth particle with the other
particles, which will coincide with the classical equation in the nonrelativistic
case:

0 0 g B _4n
6X(k) ﬁx(k),, c

Xl O nt
oy OX )t 32)

I7kn y Tin
=3 1

I=11#k

Let us consider what happens when there are two electrons. Then for
the matrix representation (7), equation (1) has the form

i[O, — (B2 = i0) W3 — 0 Wat Y"0pWs] =2 mep =0
iH[0,00 2+ (852 + i0x)Wa— 033 — ¥ 0y 3] — /2 meip =0
[ =003+ (0.2 i0,0) W, + 032 — ¥ 0] — V2 mcip3 =0
iH[—8,004— (82— i0,) o+ 0091 + ¥ 0y 1] — V2 mefa=0

(33)

Here 17, denotes the four- component functions with the components
Vac-3, War-2, ll/4fc v W, 0 k—a/ax +(ie/ch)A, and 6yk 6/5}1 +
(ie/ch)Aasi; X5, Y* are the coordinates of the two electrons; y” are the Dirac
matrixes.

Let us consider the nonrelativistic case and present 7, in the form

Vi =exp [‘ é me(x°+ .VO)] Dr (34)

Then from (33) using the nonrelativistic approach, we obtain the follow-
ing approximate correlations:

A=V2)a=—7"3s, (1=V2)P=7" (35)
(1+v2)3:=—7"%s, (1+2)§s=7°@ (36)

Let us note that the correlations (36) follow from (35).
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From (7), (16), (35), and (36) we find the following expression for the
charge density of the two electrons:

JO= @i (Pt 7’ Pa) + B3 (P2~ 7°P3)
- @:(7’0@2 + 33) + @5 (7’1 — Ba)
=2 ($ 1+ @2 Gt B3 B3+ §i ) (37)
Hence in the nonrelativistic case under consideration the charge density
J° is a positive quantity.
Let us consider a nonrelativistic stationary case having only an external
magnetic field intensity: Fy,= Fs¢= H, (the other magnetic field intensities

are considered small). Then from (3) and (4) we obtain approximately the
following:

2 . .
[@@1 + &~ e(Ao+ As) _r [(a" +2 A")(a., + X A,,)
2m ch

chi
+ (a““‘ +'—; A“*")(aﬁa + X A4+a>]

c ch
ihe 1 2 rsr6
~-— (T T +T°TH, =0, a=1,2,3 (38)
2mc
The matrix 3if(I"'T'*+ T °T"®) gives for the summary spin projection S,

for the two electrons the values S.=—#, %, 0, which coincide with the class-
ical result.
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